Scaling properties of Wilson loops pierced by P-vortices 
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P-vortices, in an SU(iV) lattice gauge theory, are excitations on the center-projected Zjy lattice. We study the 
ratio of expectation values of SU(2) Wilson loops, on the unprojected lattice, linked to a single P-vortex, to 
that of Wilson loops which are not linked to any P-vortices. When these ratios are plotted versus loop area in 
physical units, for a range of lattice couplings, it is found that the points fall approximately on a single curve, 
consistent with scaling. We also find that the ratios are rather insensitive to the point where the minimal area of 
the loop is pierced by the P-vortex. 



I. INTRODUCTION 

The center vortex theory of confinement [1-6] is motivated 
by the fact that the asymptotic string tension associated with 
Wilson loops in group representation r, in a pure SU(A0 gauge 
theory, depends only on the A^-ality of that representation, i.e. 
on the transformation properties of the Wilson loop holonomy 
with respect to the Zn center subgroup. This behavior can be 
understood in "particle" language; e.g. the string which forms 
between a quark and antiquark in the adjoint representation 
of the gauge group is eventually broken by pair production of 
gluons, each of which binds to one of the quarks, resulting 
in two color singlet states consisting of a quark or antiquark 
bound to a gluon. This explains why a zero N-ality loop (such 
as a Wilson loop in the adjoint representation) will have a 
vanishing asymptotic string tension. On the other hand, there 
should also be an explanation purely in "field" language, i.e. 
the dependence on A^-ality ought to be explicable in terms of 
the field configurations which dominate the Euclidean func- 
tional integral at very large scales. Such field configurations 
must be organized in such a way that they generate string ten- 
sions for Wilson loops that depend only on the A^-ality of the 
loop. To the authors' knowledge, center vortices are the only 
field configurations thus far proposed which have this prop- 
erty, and which do not have to appeal to some further color- 
screening mechanism in the particle picture. 

There is a great deal of lattice Monte Carlo evidence in fa- 
vor of the center vortex mechanism that has accumulated over 
the years, cf. the reviews in refs. [7, 8], which mainly cover 
the SU(2) case, and also the recent work in [9] for the SU(3) 
gauge group. This data is based on the procedure of center 
projection in maximal center gauge. One fixes to a gauge (di- 
rect or indirect maximal center gauge [10]) which brings the 
link variables as close as possible, on average, to center ele- 
ments. In the direct maximal center gauge, the procedure is to 
maximize 

* = £T*[l7 M (*)]Tr[l/t(*)] (i) 



via a relaxation technique which reaches a local maximum. 
This can be regarded as fixing to Landau gauge in the adjoint 
representation. Link variables (x) are then projected to the 
a center element z^ (x) £ Zn which is nearest to (x) in the 
sense that 

Tr[(l/ M (x) - z M (x) 1 N ) (Ul (x) - 4 (x) 1 N )] 

= 2N-Ti[z^(x)UJ l (x)+h.c] (2) 

is minimized. This mapping of configurations Up (x) —> z^ (x) 
from the SU(A0 lattice to a Zn lattice is known as "center pro- 
jection." String tensions computed on the center-projected lat- 
tice, in SU(2) lattice gauge theory, are known to have excellent 
scaling properties, and agree fairly well with the asymptotic 
string tensions computed on the unprojected lattice, a feature 
known as "center dominance." 1 The excitations on the pro- 
jected Zat lattice are known as "P-vortices." We define a P- 
plaquette as a plaquette on the projected lattice whose value 
is an element of the Zn group different from unity. P-vortices, 
in D-dimensions, are D — 2 dimensional objects on the dual 
lattice, composed of elements (sites, links, or plaquettes in 
D = 2, 3,4 respectively) which are dual to P-plaquettes. These 
are the center vortices of a Zn gauge theory. The value of a 
Wilson loop on the projected lattice is simply unity times the 
product of P-plaquettes in the minimal area of the loop. 

The question is whether the location of P-plaquettes in the 
center-projected lattice is correlated to the value of gauge- 
invariant Wilson loops on the unprojected lattice. The evi- 
dence in favor of such a correlation is based on the measure- 
ment of "vortex-limited" Wilson loops. A vortex-limited Wil- 
son loop, W niM2 ,.. . nN (C), is the expectation value of all loops 
on the unprojected lattice of shape C whose minimal area con- 
tains, on the projected lattice, exactly P-plaquettes equal to 
center element Zk = exp[2nik/N], for k — 1,...,N — 1. In the 
center vortex picture, if we assume that the thick center vor- 
tices do not overlap the loop boundary, then the effect of the 
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There are still some ambiguities, connected with Gribov copies, which can 
affect this result, cf. [8] for a discussion. 
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center vortices would be to contribute an overall phase factor 



n-l 



."A 



(3) 



to the value of the loop. The area law falloff would be due to 
fluctuations in this phase factor, corresponding to fluctuations 
in the number of center vortices that are topologically linked 
to the loop. In this article we will only be concerned with 
SU(2) lattice gauge theory, where there is only one type of 
center vortex, and the vortex-limited Wilson loops are denoted 
W„(C). The minimal areas of loops contributing to W n (C) 
are said to be "pierced" by n P-vortices. We may also de- 



fine W, 



odd(even) 



(C) as the expectation value for Wilson loops 
pierced by an odd (even) number of P-vortices. It was shown 
in the early work [10] on this subject that W„ depends very 
strongly on n, and the numerical evidence suggests that in the 
limit of large loop area 



W„(C) 
W (C) 



(-1)" and 



W odd {C) 
W even (C) 



-> -1 



(4) 



This is consistent with the idea that a P-plaquette on the pro- 
jected lattice is roughly correlated with the location of a thick 
center vortex on the unprojected lattice, and that a thick cen- 
ter vortex, if topologically linked to loop C, will contribute 
a factor of —1 to the loop holonomy. It should be noted 
that numerical simulations have also shown [10] that vortex- 
limited Wilson loops Wq(C), W even (C) do not, by themselves, 
have an area-law falloff, and given that the ratios (4) are of 
(9(1), this lack of area law falloff must also hold true for 
\Wi(C)\,W 2 (C),\W odd (C)\. For this reason, it is likely that 
this absence of area-law falloff holds true in general for all 
the vortex-limited Wilson loops. The standard Wilson loop 
expectation value is related to the vortex-limited loops via 



W(C)=Y,Pn(C)W n (C) 



(5) 



where p n (C) is the probability that the minimal area of a given 
planar loop C contains n P-plaquettes on the projected lattice. 
If the |W„(C)| all have a perimeter-law falloff, as the numeri- 
cal evidence suggests, then the area law can only be obtained 
from cancellations due to the sign differences among the dif- 
ferent W„'s, in complete accordance with the center vortex pic- 
ture. 

In the early SU(2) work, the ratio W n (C)/W (C) was only 
computed at a lattice coupling of j8 = 2.3. There was no effort 
to test scaling, i.e. to check whether the Wilson loop ratios 
plotted versus area in physical units fall on a universal curve. 
In a more recent study, Langfeld [11] investigated the phase of 
vortex-limited Wilson loops in SU(3) lattice gauge theory at 
two lattice couplings, j3 = 5.6,5.8, and obtained results which 
were roughly consistent with scaling. In this article we will 
continue to work with SU(2) loop ratios, as in the early work, 
but display a larger data set of loop areas at six different lattice 
couplings, which may give an improved sense of the scaling 
properties. 
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FIG. 1. Ratio of vortex-limited Wilson loop expectation values 
W\(C)/Wq(C) vs. loop area in physical units, at various lattice cou- 
plings. 



H. IV! /W SCALING, AND P-PLAQUETTE LOCATION 

Let W„[I,J] represent the expectation value of a vortex- 
limited loop, where the loop is a rectangular contour of / lat- 
tice units on one side, and J lattice units on the other. We 
will consider loops where I = J, and |7 — /| = 1. The area 
of the loop in physical units is Ua 2 , where the lattice spac- 
ing is given, as usual, by a = dojjo, where O/, is the string 
tension in lattice units, and we take a = (440 MeV) 2 . Fig. 1 
displays our results for W\ [I, J] /Wo [I, J] vs. area Ua 2 in units 
of fm 2 , for lattice couplings ranging from j3 = 2.3 to j3 =2.55 
on 24 4 lattice volumes. The data seems to fall roughly on the 
same curve, which indicates that the W\ /Wq ratio is a physical 
observable of some kind. The usual interpretation of these re- 
sults is that a single P-plaquette found on the projected lattice, 
in the minimal area of loop C, indicates that loop C is linked 
to a thick center vortex on the unprojected lattice. Of course, a 
small loop on the unprojected lattice cannot be affected by the 
full center flux carried by a thick center vortex, so one does 
not expect Wi(C)/Wq(C) to equal —1 in that case. This limit 
should be obtained, however, when the loop area grows much 
larger than the cross-sectional area of a vortex, so the single 
vortex linked to the loop does not overlap the boundary of the 
loop. Fig. 1 appears to be consistent with this expectation, al- 
though only for the lowest couplings are we able to measure 
loops which are large enough, in physical units, such that the 
W\ /Wq ratio approaches the expected asymptotic value of — 1 . 

We next consider the question of how the ratio 
W\(C)/Wq(C) depends on the position of the P-plaquette 
within the minimal area of loop C. For this study we will 
also consider the case, which does not really belong to W\, in 
which the P-plaquette lies in the plane of loop C but just out- 
side the minimal area, bordering the perimeter of loop C. The 
ratio of Wilson loops of this kind to Wo will be represented by 
data points labeled "outside." Points labeled "inside" are the 
usual ratios of Wj/W). We then make the following distinc- 
tions: Consider all plaquettes inside the minimal area of the 
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loop, which border the perimeter. These plaquettes belong to 
the minimal area bordered by C and another rectangular loop 
C\ . If the minimal area of C\ is non-zero, then the data for 
Wi/Wb, with P-plaquettes in this region between C and C\, is 
labeled "outer ring." Next, consider P-plaquettes in the mini- 
mal area of C\ bordering the perimeter of C\ , and another rect- 
angular loop C%. If the minimal area of C2 is non-zero, these 
P-plaquettes belong to the "middle ring," and any P-plaquettes 
within the minimal area of C2 are denoted "inner." If, on the 
other hand, the minimal area of C2 is zero, then P-plaquettes 
in the minimal area of C\ are themselves denoted "inner." Our 
conventions are illustrated in Fig. 2. 
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FIG. 2. Conventions for labeling P-plaquette positions. Plaquettes in 
the plane of, but just outside the loop, bordering the perimeter, are 
referred to as "outside." 
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FIG. 3. Vortex-limited Wilson loop ratios vs. loop area in physi- 
cal units, for specific positions of the P-vortex relative to the loop 
perimeter (see Fig. 2), at /3 = 2.3. 

The numerical results, shown for j3 = 2.3 in Fig. 3 and 
/3 = 2.55 in Fig. 4 are a little surprising, since one would 
expect that if the location of a P-vortex were strongly cor- 
related with the middle of a thick center vortex, then the ratio 
W\ (C) /Wo(C), for a large loop, would systematically fall from 
outer to middle to inner. While this does seem to be true at 
j3 = 2.3, it is not a very large effect, and is not observed at all 
at p = 2.55 (if anything, the expected order is reversed). The 
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FIG. 4. Same as Fig. 3, at j3 = 2.55. 



really striking effect is the dramatic dependence on whether a 
P-plaquette lies just outside, or just inside, the perimeter of the 
loop. If the P-plaquette lies just outside the loop (data points 
labeled "outside"), then the expectation value of the loop dif- 
fers hardly at all from Wo. In sharp contrast, if the P-plaquette 
lies anywhere within the minimal area of the loop, including 
at the loop perimeter, then the loop expectation value differs 
greatly from Wo. This difference between loops with one in- 
side P-plaquette at the perimeter, and loops with one outside 
P-plaquette at the perimeter, increases with loop area, and it is 
quite remarkable in view of the insensitivity of Wi /Wo to the 
location of the P-plaquette within the minimal area. 



III. DISCUSSION 

We have seen that the W\ (C) /Wo(C) ratio scales reasonably 
well with /3, and also that there is an extremely strong cor- 
relation between the expectation value of a Wilson loop, and 
whether a P-plaquette, bordering the perimeter, lies just inside 
or just outside the minimal area. There are a priori reasons to 
expect the scaling property, since, e.g., center-projected string 
tensions scale rather nicely [10], but such a strong distinction 
between P-plaquettes lying just inside or just outside the loop 
is a little surprising, especially for large loops at large j3 . For a 
thick center vortex, one would expect that the amount of cen- 
ter flux penetrating the minimal area of the loop would not be 
very different if the middle of the vortex were located just in- 
side, or just outside, the loop perimeter. Yet the trend of our 
data indicates that expectation values of large loops depend 
very strongly on whether or not a single P-plaquette is located 
inside the loop, but, if inside, the loop expectation value is 
rather insensitive to exactly where inside. This result would 
make perfect sense if P-vortices were very strongly correlated 
with the position of center vortices on the unprotected lattice, 
and if those center vortices were only one lattice spacing wide. 
But if that were the case, then the ratio Wi(C)/Wo(C) = — 1 
should be obtained for even the smallest loops, and not just as 
an asymptotic limit. On the other hand, if center vortices are 
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rather thick in lattice units, and the location of P-plaquettes 
and center vortices is only weakly correlated, one would not 
expect such a striking difference in our values labeled "out- 
side" and "outerring," corresponding to a P-plaquette just out- 
side or just inside the loop perimeter. 

So it appears that the location of a P-plaquette is not a very 
good guide to the precise position of a thick center vortex. On 
the other hand, the presence of a single P-plaquette anywhere 
inside the loop tells us that the sign of a large SU(2) Wilson 
loop is, on average, negative. It seems that a P-plaquette inside 



a loop is strongly indicative of center flux passing through the 
loop, but does not give us much information about how that 
flux is distributed inside the minimal area. 
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